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Abstract

Since form and function are tightly integrated in plants, and since plant attributes often
scale allometrically, it follows that plant allometry is inherently multivariate. Unfortu-
nately, traditional statistical methods for studying allometric relationships are very restric-
tive and do not allow one to model multivariate allometric patterns that follow realistic
biological hypotheses. In this paper I describe a new statistical test (‘d-sep test’) that al-
lows one to test, and potentially falsify, alternative multivariate orderings of cause-and-ef-

fect in the context of allometry.
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Introduction

Allometry, the study of how the attributes of organ-
isms change with respect to one other, has a long and
distinguished history in animal biology (Gould 1966;
Huxley 1972; Peters 1983). Although different defini-
tions of ‘allometry’ exit in the ecological and statisti-
cal literature (Muller et al. 2000), in this paper I adopt
the most general meaning: proportional changes in
the sizes or rates of change in organismal attributes.
Plant biologists are relative newcomers, although
comprehensive treatments are now available (Niklas
1994). We know that form and function are tightly in-
tegrated in organisms, and that many different at-
tributes contribute to both form and function. Pre-
sumably, these integrated suites of attributes should
change together with complicated patterns of direct
and indirect relationships between them. In other
words, allometry should be inherently multivariate.
Curiously, although there are literally hundreds of
published allometric relationships, a large majority of

these are simple bivariate relationships of the form
Y = aXb. Why should this be?

I doubt that the many researchers who study allom-
etry truly believe that organismal attributes interact
only two at a time. The reason, I suspect, is more Pro-
crustean and unfortunate. We have had to force our
biological hypotheses into such simple statistical mod-
els because we have not had the statistical tools needed
to test and describe such multivariate processes. Cer-
tainly, there are well-developed multivariate methods
of data reduction, such as principle components and
related techniques, but these techniques are not de-
signed to test and describe structural relationships of
cause and effect; quite the contrary, the developers of
such methods intended for them to ignore such rela-
tionships (Shipley 2000a). The purpose of this paper is
to describe some new statistical methods that can be
used to study multivariate allometry.

As an example, consider Fig. 1, which shows the bi-
variate allometric trends between five attributes of 60
individual trees of St. Lucie’s Cherry (Prunus mabaleb)
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Fig. 1. Scatterplot matrix of five attributes measured on 60 plants of St. Lucie’s Cherry (Prunus mahaleb). Data from Jordano (1995); all data are Ln-transformed.

(Jordano 1995). For each tree Pedro Jordano mea-
sured its canopy projection area, the number of fruits
produced, the average fruit diameter, the average seed
mass and the percentage of seeds dispersed away from
the tree by birds, all attributes related to evolutionary
fitness. As is typical in such data sets, there appear to
be complicated patterns of correlation between these
attributes. These patterns of correlation likely reflect
underlying functional linkages between the attributes
and these patterns show clear allometric trends. What
biological processes might have generated such pat-
terns?

As plant ecologists, we could propose different hy-
pothetical explanations and these would lead to differ-
ent cause-effect linkages. Figure 2 shows three differ-
ent hypotheses; the ‘€’ variables represent those
unique unknown other causes of each variable. The
first (model A) is the simplest; the size of the photosyn-
thetic capital of the tree, measured by the canopy pro-
jection area, determines each of the other attributes.
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Model B also assumes that canopy projection area is
the driving variable, but differs from model A by as-
suming that the effect of canopy projection area on the
number of seeds dispersed and on the average mass of
seeds is indirect. These indirect effects are mediated by
the number of fruit produced and the average size of
fruits, respectively. Model C proposes that the fruit di-
ameter and seed mass are allometrically related but are
independent of the allometric effects among the other
three attributes. There exist methods of exploring al-
ternative structures in the data (Shipley 1997, 1999,
2000a), but here we will assume that the three alterna-
tive orderings represent alternative biological explana-
tions that the researcher wants to test. There are two
different, but related, methods of testing (and poten-
tially falsifying) such hypotheses. One, called a ‘d-sep
test’ (Shipley 2000a, b, 2003), is based on newly de-
rived relationships between causal graphs and proba-
bility distributions (Pearl 1988, 2000). Another, called
‘structural equations modelling’ (Shipley 2000a), is a



maximum likelihood technique which has some disad-
vantages with respect to the d-sep test, but also an im-
portant advantage since one can include unmeasured
(latent) variables. In this paper, I concentrate on d-sep
tests, but will compare the advantages and disadvan-
tages of each class of methods in context. For a more
detailed explanation of the history of these methods in
biology, see Shipley (2000a).

D-sep tests
The models in Fig. 2 are called ‘directed graphs’ in the

mathematical language of graph theory. Biologically,
they are the type of box-and-arrow diagrams that ecol-

Multivariate allometry 237

ogists have used for a long time and they specify how
causal effects are hypothesized to propagate through
the measured variables in our trees. If we imagine
these causal effects being generated in all of the trees
that potentially interest us, then the distribution of all
possible values of our five variables defines a multi-
variate probability density function. Different quanti-
tative values for these causal effects, and different
functional forms defining the equations linking the
variables, will produce a family of different multivari-
ate probability densities, but they will all have certain
mathematical constraints that are common to all and
that are caused by the way the variables are linked to-
gether as causes and effects. These constraints are in
the form of conditional independence relationships.

(A) ®B)
(1) Canopy area Canopy area
€ /s 4
. . \Fruit Number
(2) Seed (3) Fruit (4) Number (5) % seeds diameter of fruit
mass diameter of fruit dispersed /
T T 1 t Seed % seeds
€ €; €y €s mass ¢ & & dispersed
©
let Canopy area
diameter
€,
Number
of fruit
Seed % seeds
mass <*+—— & €5 dispersed

Fig. 2. Three alternative hypotheses (models A, B and C) describing the cause-effect relationships among the five attributes. Error variables are indicated by €.

Table 1. Basis sets for the partial independence constraints implied by each of the three hypotheses shown in Fig. 1. The notation ‘(X,Y)|{A,B, ..
variables X and Y are d-separated, and hypothesized to be probabilistically independent, conditional on the set of variables {A,3B, ...

.} means that
}and the ‘¢’ represents the

null (empty) set. Pearson’s partial correlation coefficient (r), and probability assuming the null hypothesis (in parentheses), are given for each conditional inde-
pendence claim; values in bold have a probability below 0.05. The overall model is tested with Fisher’s C statistic, which is distributed as a chi-squared variate if

the data agree with the model.

Model A Model B Model C
Basis set r (probability) Basis set r (probability) Basis set r (probability)
(2,3)|{1} 0.766 (102 (1,2)|3} —0 066 (0.322) (1,5){4} 0.077 (0.566)
(2,41} 0.022(0.870) (2,4){1,3} 41(0.292) (1,2){3} -0.066 (0.622)
(2,9|(1} 0.107(0.422) (2,5)3,4} O 005 (0.973) (3,43{1} 0.021(0.875)
(3,4)|(1} —0.077 (0.566) (B.41} 0.021(0.875) (3,5}{4} -0.137(0.301)
(3,51 0.021(0.875) (3,5)|(1,4} —0.155(0.245) (2,4)|( 3} 0.141(0.292)
(4,51 0.800 (104 (1,5)|{4} 0.077 (0.566) (2,5)( 3,4} 0.005(0.973)
(1,3)|{0} 0.301(0.019)
12 df, C =137.64 (<<107%) 12 df, C =7.69 (0.809) 14 df, C = 15.16 (0.368)
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Pearl (1988; but see also Geiger et al. 1990; Geiger &
Pearl 1993; Pearl 2000) has shown that all such condi-
tional independence relationships can be predicted di-
rectly from the directed graph using a graph theoretic
operation called ‘directed separation’ (‘d-separation’),
and this holds independently of the distributional de-
tails of each variable or of the functional form of the
equations linking the variables together. In other
words, given multivariate cause-effect hypotheses like
those shown in Fig. 2, we can obtain the alternative
predicted conditional independence constraints that
must exist if the different hypotheses apply. If these
predicted constraints do not exist in the empirical
data, then we must reject the multivariate causal hy-
pothesis that implied such constraints. Based on these
results, I developed a new statistical test, which I call a
d-sep test (Shipley 2000b).

The first step is to obtain the basis set (By). This is
the smallest set of d-separation relations that, in com-
bination, predict all other d-separation relations that
exist in the directed graph using the axioms of condi-
tional probability (Geiger et al. 1991). To obtain this
basis set, simply list each pair of variables in the direct-
ed graph that do not have an arrow between them.
Next, list the ‘causal parents’ of the pair, i.e. those
variables that directly cause either variable in the pair.
Each d-separation relation in the basis set states that
the two variables forming the pair are probabilistically
independent conditional on the causal parents of the
pair. Table 1 lists the basis sets for each of the three
hypotheses shown in Fig. 2.

The next step is to actually test each predicted inde-
pendence claim against the empirical data. How this is
done depends on the nature of the variables and the
type of relationship between them. If the two variables
in the pair are approximately normally distributed and
the relationship between them is linear, then the claim
can be tested using Pearson’s partial correlation coeffi-
cient. If the two variables are at least continuous and
the relationship is monotonic, then one can use Spear-
man’s partial correlation coefficient. More complicat-
ed nonlinear relationships require nonparametric re-
gression smoothers and permutation tests; details are
in Shipley (2000a).

The final step is to combine these separate tests of
independence into a combined test of the entire model.
This is done using Fisher’s C statistic. Obtain the exact
probability level for each of the k separate d-separa-
tion claims (p;) in the basis set, assuming conditional
independence. The statistic

k
C==2NILn(p Eagn. 1
Z () q
is distributed as a chi-squared variate with 2k degrees
of freedom if all of the d-separation claims in the
model hold in the data. An unusually large value, asso-
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ciated with a probability below your significance level,
is evidence against the model in question.

The minimum number of observations needed de-
pends on the statistical tests used to evaluate indepen-
dence. For instance, if (conditional) independence is
tested using Pearson’s or Spearman’s (partial) correla-
tion coefficient, then the minimum sample size would
be N-p-1, where N is the sample size and p is the
largest number of causal parents in a single basis set.
Since p rarely exceeds 2 or 3, this means that one can
test models with quite small samples; of course, with
such small samples the statistical power would be low.
Furthermore, if the tests of independence are exact
then the overall probability of the model is also exact.
This emphasizes an important advantage of d-sep tests
over structural equation modelling (SEM). SEM, being
a maximum likelihood technique that gives only
asymptotic estimates, requires a large minimum sam-
ple size. This minimum size for SEM depends, among
others, on the number of estimated parameters, and
this can often require hundreds of observations.

There are other advantages of the d-sep test over
SEM. First, SEM assumes multivariate normality and
linearity. The d-sep test does not necessarily assume ei-
ther since it is possible to test (conditional) indepen-
dence using non-parametric tests or even permutation
methods (Shipley 2000a). Second, since SEM simulta-
neously estimates all free parameters (path coeffi-
cients, variances, covariances), errors anywhere in the
model (including distributional violations) will spread
throughout it and it is therefore not possible to unam-
biguously identify where such errors occur. The d-sep
test, being based on mutually independent claims in
the basis set, allows one to identify the source of struc-
tural errors. However, there are two important disad-
vantages of the d-sep test that are not shared by SEM.
If your model includes a latent (i.e. unmeasured) vari-
able that is a common cause of more that two ob-
served variables in your model, or if you cannot com-
pletely specify the causal structure and thus include
undirected correlations, then you must use SEM, al-
though an important class of models including undi-
rected correlations (or covariances) can be tested using
the d-sep test (Shipley 2003).

Since the data shown in Fig. 1 are approximately
normally distributed once Ln-transformed, and the re-
lationships do not show any nonlinear patterns, I use
Pearson’s partial correlation coefficient to test the
claims of conditional independence. Table 1 lists the
results. Model A is rejected by the data; the probabili-
ty of a causal process hypothesized by this model actu-
ally generating data like those observed by Jordano
(1995) is much less than 10-'¢. Looking at the individ-
ual claims of conditional independence implied by this
model, we see that two are clearly wrong: seed mass
and fruit diameter are not independent conditional on



Table 2. Likelihood ratios (probability of model in row i/probability of model
in column ) of the three models shown in Fig. 1.

Model A Model B Model C
Model A 1.00 ~1.25% 107" ~2.7x 107
Model B 8.1x 10" 1.00 2.2
Model C 3.7%x 10" 0.45 1.00

canopy area, and the percentage of seeds dispersed by
birds is not independent conditional on canopy area.
Model B is not rejected by the data; the probability of
a causal process hypothesized by this model actually
generating data like those observed by Jordano (1995)
is 0.809. Model C is not rejected by the data either
since its probability is 0.368. This emphasizes an im-
portant aspect of this statistical test: as in every statis-
tical test the failure to reject a model is not the same as
proving that it is true. All we can say is that both mod-
els B and C are possible explanations and that model
A is not. If we wish to apply a likelihood ratio ap-
proach (Royall 1997) in choosing between the three
models (Table 2), then model A is again clearly reject-
ed in favour of either models B and C, while the likeli-
hood ratio of model B versus model C (2.2) provides
only mild support in favour of model B.

Equivalent models

There is another, and less obvious, reason why the fail-
ure to reject a model cannot be construed as strong ev-
idence in favour of it. Given a directed graph there are
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almost always statistically ‘equivalent” models. Equiv-

alent models are different directed graphs that imply

the same conditional independence constraints in the
resulting multivariate probability densities, and are
therefore statistically indistinguishable (Shipley 2000a).

Here is how to obtain such equivalent models relative

to a given model M.

1. Convert model M to a new model E by changing all
arrows in M to lines.

2. Look for ‘unshielded colliders’ in model M. An un-
shielded collider is a set of three variables (X, Y, Z)
such that there is an arrow pointing into Y from X
and an arrow pointing into Y from Z, but no arrow
between X and Z. For every unshielded collider in
model M, make the equivalent variables in model E
form the same unshielded collider. Such a diagram
is called a ‘partially oriented dependency graph’.

3. For every other line in model E, you can orient the
direction of the arrow however you want so long as
(i) you do not create any unshielded collider that
does not exist in model M and (ii) you do not create
any feedback loops in model E. All such different
possible models created in this way are statistically
equivalent, and will give the same C value and
probability when tested by a d-sep test.

Figure 3 shows the equivalent models relative to
model B. A double-headed arrow between two vari-
ables means that there is an unmeasured (latent) vari-
able that is the common cause of the two variables to
which the arrows are pointing. These models too can
be tested using a d-sep test since they are statistically
equivalent to a model without such a latent variable

N,

I
N

A
/7

I/\ D B

S

Fig. 3. Nine equivalent models. All of these models impose exactly the same conditional independence constraints and so cannot be distinguished statistically.
Double-headed arrows indicate an unmeasured (latent) variable that is a common causal parent of the two variables at the head of the arrow.
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(Shipley 2003). In order to choose between these
equivalent models we cannot use statistical evidence
and must appeal to biological knowledge.

Multivariate allometry

Given the three alternate models in Fig. 2, model B is
best supported by the data. Looking at the equivalent
models in Fig. 3, we can exclude most based on some
basic biology. First, the percentage of seeds dispersed
occurs after the fruits are produced, therefore we can
exclude any equivalent model that has an arrow from
the percentage of seeds dispersed to the number of
fruits produced. Second, since leaves form before
fruits, and since photosynthate flows from the leaves
(i.e. the canopy) to fruits and seeds during their devel-
opment, we can exclude any equivalent model that
posits causal effects from fruits to the canopy. This
leaves just two models, the first and sixth, in Fig. 3.
Here, I will concentrate on the first model, which is
model B in Fig. 2. This model specifies the ordering of
dependent and independent variables, and therefore
decomposes the full model into a series of four allo-
metric relationships. Since the relationships appear lin-
ear on a log scale, these correspond to four simple bi-
variate regressions on the Ln-transformed data. If we
had a variable with more than one arrow pointing into
it then this would imply a multiple regression. We can
now estimate the individual allometric relationships
(«SE) using least-squares regression:

(2.1) Ln(Fruit diameter) = 2.022 (x0.016) + 0.009
(x0.004) Ln(Canopy projection); r = 0.30,
SE . cgiqua = 0.040.

(2.2) Ln(Seed mass) = 0.003 (x0.461) + 2.089
(x0.224) Ln(Fruit diameter); r = 0.77,
SE egiqua = 0.072

(2.3) Ln(Number of fruit) = 6.723 (x0.221) + 0.451
(x0.053) Ln(Canopy projection); r = 0.74,
SE, eiua = 0.555.

(2.4) Ln(% seeds dispersed) = -9.056 (=0.554) +
1.023 Ln(Number of fruit); r=0.90,
SE 0.411.

The final multivariate allometric model is shown
graphically in Fig. 4.

residual =

Conclusions

The very notion of a plant strategy (Grime 2001) im-
plies suites of plant attributes that interact as a system.
If such strategies exist, and if plant attributes often co-
vary following allometric trends, then it follows that
plant allometry is inherently multivariate and embed-
ded in a web of cause-effect relationships. When these
attributes can be measured with little error, and when
the causal relationships between the traits are hypothe-
sized to be expressible without recourse to unmeasured
variables, then the d-sep test described here allows one
to both test and then fit the resulting multivariate allo-
metric model. For a particular class of models includ-
ing latent variables the test is still applicable (Shipley

Canopy projection area

Fruit diameter

Canopy area

Average fruit diameter

g g R
g8 247

s A3

Seed weiaht

Fruvit dianﬁeter '

Average seed mass

Canopy area

Number of fruit

% Fruit dispersed
\
\

v
% seeds dispersed

Fig. 4. The final allometric model obtained from model B of Fig. 1. Graphs show the empirical data and the predicted allometric trend.
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2003) if the latent variable model is equivalent to a
model without latent variables. In cases in which such
an equivalent model does not exist then one can use
structural equations modelling with latent variables
(Shipley 2000a). These methods, by allowing plant
ecologists to fit the appropriate statistical model to
their hypotheses of multivariate allometry, should
allow more interesting allometric hypotheses to be de-
veloped.
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